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Abstract. A general method for establishing results over a commutative com- 
plete intersection local ring by passing to differential graded modules over a 
graded exterior algebra is described. It is used to deduce, in a uniform way, 
results on the growth of resolutions of complexes over such local rings. 



Introduction 

This paper concerns homological invariants of modules and complexes over com- 
plete intersection local rings. The goal is to explain a method by which one can 
establish in a uniform way results over such rings by deducing them from results on 
DG (that is, differential graded) modules over a graded exterior algebra, which are 
often easier to prove. A secondary purpose is to demonstrate the use of numerical 
invariants of objects in derived categories, called 'levels', introduced in earlier joint 
work with Buchweitz and Miller see Section [TJ Levels allow one to track homo- 
logical and structural information under changes of rings or DG algebras, such as 
those involved when passing from complete intersections to exterior algebras. 

We focus on the complexity and the injective complexity of a complex M over a 
complete intersection ring R. These numbers measure, on a polynomial scale, the 
rate of growth of the minimal free resolution and the minimal injective resolution 
of M, respectively. The relevant basic properties are established in Section [2] 

Complexities can be expressed as dimensions of certain algebraic varieties, at- 
tached to M in [5], and earlier proofs of key results relied on that theory. In 
Section [6] we deduce them from results on differential graded Hopf algebras, pre- 
sented with complete proofs in Section H) These pleasingly simple proofs build on 
nothing more than basic homological algebra, summarized in Section [3l 

In the last three sections of this article the goal is to link the complexity of M and 
the Loewy length of its homology modules. In [5] such a result is deduced from a 
more general statement, which applies to arbitrary local rings. From that paper we 
import DG versions of the New Intersection Theorem, recalled in Section [3 and of 
the Bernstein-Gelfand-Gelfand correspondence, which we refine in Section [H This 
allows us to establish a result on complexities over exterior algebras, which we then 
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translate in Section |9] into the desired link between Loewy length and complexity 
over complete intersection local rings. 

1. Levels 
In this section A denotes a DG algebra. 

We write D{A) for the derived category of DG A- modules; it is a triangulated 
category with shift functor denoted Z. The underlying graded object of a DG 
object X is denoted X''. Rings are treated as DG algebras concentrated in degree 
zero; over a ring DG modules are simply complexes, and modules are DG modules 
concentrated in degree zero; see [3 §3] for more details and references. Unless 
specified otherwise, all DG modules have left actions. 

A non-empty subcategory C of D{A) is said to be thick if it is an additive sub- 
category closed under retracts, and every exact triangle in D{A) with two vertices 
in C has its third vertex in C; thick subcategories are triangulated. 

Given a DG yl-module X, we write thick^(X) for the smallest thick subcategory 
containing X. The existence of such a subcategory can be seen by realizing it as 
the intersection of all thick subcategories of D{A) that contain X. Alternatively, 
the objects of thickyi(X) can be built from X in a series of steps, described below. 

1.1. For every X in D{A) and each n > we define a full subcategory thick^(X) of 
thick^(X), called the nth thickening of X in A, as follows. Set thickV^) = {0}; the 
objects of thick^(X) are the retracts of finite direct sums of shifts of X. For each 
n > 2, the objects of thick^(X) are retracts of those U E D{A) that appear in some 
exact triangle U' ^ U ^ U" ^ Y.U' with U' e thick;^"^(X) and U" G thick^(X). 

Every thickening of X is clearly embedded in the next one; it is also clear that 
their union is a thick subcategory of A containing X, which is therefore equal to 
thick^(X). Thus, thickyi(X) is equipped with a filtration 

{0} = thickV^) ^ thick^(X) C ■ • ■ C y thick;^(X) = thickA(X) . 

neN 

To each object U in D{A) we associate the number 

levelj (t/) = inf{n e N | t/ £ thick^(X)} 

and call it the X -level of U in D(yl). It measures the number of extensions needed 
to build U out of X. Evidently, levelJ(J7) < oo is equivalent to [/ e thickyi(X). 

We refer the reader to [51 §§2-6] for a systematic study of levels. The properties 
used explicitly in this paper are recorded below. 

1.2. Let U, X, and Y be objects in D(A). 

(1) If t\\\ck\{X) = thick^(y), then one has thick^(X) = thick^(r) for aU n, and 
hence an equality level;|(t/) = level]^(J7). 

(2) If _B is a DG algebra and j : D(A) — > D(_B) is an exact functor, then 

levelj(;7) >level^''^(j(t/)). 
Equality holds when j is an equivalence. 
A level of interest in this paper is related to the notion of Loewy length. 
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1.3. Let i? be a ring and k a simple i?-niodule. For each B-module H, K^H 
denotes the smallest integer I > such that H has a filtration by S-submodules 

= ffO C ffi C • • • C ij'-i CH^^H 

with every isomorphic to a sum of copies of fc; if no such filtration exists, 

we set i£gH — oo. li B has a unique maximal left ideal m, then k is isomorphic to 
B/m and (1%H is equal to the Loewy length of H, defined by the formula 

eigH = inf {/ e N I m'iJ = 0} ; 

see ini 6.1.3]. If lengthy H is finite, then so is &bH, and the converse holds when 
H is noetherian; see [5j 6.2(4)]. 

We say that the DG algebra A is non-negative if = for i < 0. When this 
is the case, there is a canonical morphism of DG algebras A Ho(^), called the 
augmentation of A] it turns every Ho(A)-module into a DG A-module. 

1.4. When A is non-negative and fc is a simple Ho(A)-module one has: 

(1) The number level^([/) is finite if and only if the Ho(A)-module ®„gzH„(t/) 
admits a finite filtration with subfactors isomorphic to fc. 

(2) When level^(C/) is finite the following inequality holds: 

level^(C/)<E^H„(A) H„(C/). 

(3) When Ho(A) = fc and the fc- module H(C/) is finite, one has an inequality 

level^([/) < card{n G Z | H„(C/) ^ 0} . 
Indeed, (1) and (2) are contained in 5, 6.2(3)], while (3) is extracted from [51 6.4]. 

2. Complexities 

In this section we introduce a notion of complexity for DG modules over a suitable 
class of DG algebras, and establish some of its elementary properties. We begin 
with a reminder of the construction of derived functors on the derived category of 
DG modules over a DG algebra; see [6j §1] for details. 

2.1. Let A be a DG algebra and A° its opposite DG algebra. 
A semifree filtration of a DG ^-module _F is a filtration 

= F" C i^i C • • • C C i^" C • • • 

by DG submodules with IJ„>g — F and each DG module F"/F"~^ isomorphic 
to a direct sum of suspensions of A; when one exists F is said to be semifree. 
When F is semifree its underlying graded ^^-module f ^ is free, and the functors 
HouiAiF, — ) and (— ®^ F) preserve quasi-isomorphisms of DG A-modules. 

A semifree resolution of a DG module U is a quasi-isomorphism F ^ U oi DG 
modules with F semifree; such a resolution always exists. If C/ -> F is a quasi- 
isomorphism of DG ^-modules and G — )■ ^ is a semifree resolution, then there 
is a unique up to homotopy morphism _F — >■ G of DG A-modules such that the 
composed maps F ^ G V and F U V are homotopic. 

These properties imply that after choosing a resolution Fu — >■ U for each [/, the 
assignments (C/, V) ^ IIom^(F[/, V) and {W, U) ^ W ®a Fu define exact functors 

RHomA(-, -) : D(A)° x D{A) D(Z) and - ®\- : D{A°) x D{A) D(Z) , 
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respectively. In homology, they define graded abelian groups 

Ext^(C/,F) = H(RHomA(C/,F)) and Toi^ {W, U) = 11{W (g)^ U) . 

In case of modules over rings these are the classical objects. 

We want to measure, on a polynomial scale, how the 'size' of Ext^(C/, V) grows 
when n goes to infinity. In order to do this we use the notion of complexity of a 
sequence {bn)nez of non-negative numbers, defined by the following equality 

there is a number a G M such that~| 

bn < an''-~^ holds for aU n > J ' 

Throughout the rest of this section, {A,m,k) denotes a local DG algebra, by 
which we mean that A is non-negative, is a noetherian ring contained in the 

center of A, m is the unique maximal ideal of Aq, and k is the field Ao/m. 
The complexity of a pair (U, V) of DG A- modules is the number 

cxA {U, V) = cx (rankfc(Ext'l(J7, V) C^Ao k)) . 

The complexity and the injective complexity of U are defined, respectively, by 

cxaU = cxA{U,k) and inj cx^ J7 = cx^ (A, ?7) . 

When A is a local ring cx^ U is the polynomial rate of growth of rank^ F„ , where 
is a minimal free resolution of U, while inj cx^ U is that of the multiplicity of an 
injective envelope of k in J", where 7 is a minimal injective resolution of U. 

The following properties of these invariants have been observed before for mod- 
ules, and for complexes, over lo(;al rings. Wc extend them to handle DG modules 
over DG algebras, sometimes with alternative proofs. 

Lemma 2.2. If U is in thick^(X) for some DG A-module X , then one has 

cx^ U < cxa X and inj cx^ U < inj cx^ X . 
Equalities hold in case thick^(C/) = thick/i(X). 

Proof. We verify the inequality for complexities; a symmetric argument yields the 
one for injective complexities. 

The number h = lcvel^(C/) is finite; we induce on it. When h equals one f/ is a 
retract of Y.^^ X for some integers ii, . . . , i^, so Ext^([/, k) is a direct summand 

of 0^^-^ Ext^^*^ (X, fc), and the desired inequality is clear. For h > I, one may 
assume there is an exact triangle U' ^ U ^ U" ^ Y.U' with level^ ([/') < h — 1 
and level^(C/") = 1; the associated cohomology exact sequence shows that the 
induction hypothesis implies the desired inequality for complexities. □ 

Lemma 2.3. If F is a finite free complex of Aq -modules with H(_F') ^ 0, then 

CXA {U (S>A„ F) = CXA U and inj cx^ {U ®Aa F) = inj cx^ U . 

Proof. Since 7" is a finite free complex, in D(^) one has isomorphisms 

RHomA(fc, U ®Ao F) ~ RHomA(fc, U) F ~ RHomA(fc, U) ®^ (A: F) . 

This yields, for each integer n, an isomorphism of fc-vectorspaces 

Ext^A:, U ®Ao F) ^ 0Ext:^+'(A:, U) ®k Hi(/e ®Ao F) . 



CX {bn) 



inf • 
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Since Hi(fc®Ao^) is finite for eacfi i, and zero for |i| ^ but not for all the equality 
of injective complexities follows. The argument for complexities is similar. □ 

2.4. For a morphism of DG algebras ip: A ^ B, let ip^, be the functor forgetting 
the action of B. One then has an adjoint pair of exact functors 

D{A) ( D{B) 

V* 

that are inverse equivalences if </? is a quasi-isomorphism; see O 3.3.1, 3.3.2]. If, 
furthermore, U is a. DG A-module, V is a DG B-module, and fi: U ^ V is a cp- 
equivariant quasi-isomorphism, then by [H 3.3.3] one has canonical isomorphisms 

U-ip^V) and B(8)^J7~y. 

A DG algebra B is said to be quasi-is amorphic to A if there exists a chain 

A^ A" ^ A^ ^ ... 
of quasi-isomorphisms of DG algebras. Such a chain induces a unique equivalence 

j: D{A)^D{B), 
of triangulated categories; if = for i < 0, then 5, 3.6] yields 

j(Ho(A))^Ho(i?). 

Lemma 2.5. // (_B,n, /) is a local DG algebra quasi-isomorphic to A, then each 
equivalence of derived categories ]: D(A) — > D(i?) as m 12.41 induces an isomorphism 

in D{B), and for all U and V in D{A) there is an equality 

Proof. As Ho(A) is equal to AQ/d{Ai), it is a local ring with maximal ideal m/d{Ai). 
Similarly, Ho(-B) = BQ/d{Bi) is a local ring with maximal ideal n/d{Bi). The 
isomorphism of 12. 41 maps j(m/9(Ai)) to n/9(i?i), and so induces j(fc) ~ I. 
Since j is an equivalence, in D(B) there is an isomorphism 

j(RHom^(i7, V)) ^ RHomsQC/, jy) . 

Passing to homology one obtains an isomorphism of graded modules 

Ext^(C/,\^)-ExtB(jC/,jy) 

that is equivariant over the isomorphism H(A) = il{B) of graded algebras induced 
by the chain of quasi-isomorphisms inducing j. This yields an isomorphism 

Ext^(C/, V) ®Ho(A) k ^ ExtsOC/,]!/) ®Ho(B) I 
of graded vector spaces that is equivariant over the isomorphism k = I. □ 

Sometimes there exist an alternative way for computing complexity: 
Lemma 2.6. // the ring Aq is artinian, then there is an equality 
c^A {U, V) = cx (Icngth^^ Ext:^(i7, V)) . 
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Proof. Set r„ = rankfe(Ext^([/, V^) (g)^^ k). By hypothesis m"* = holds for some 
integer s, so by Nakayama's Lemma the Ap-module Ext^(J7, V) is minimally gen- 
erated by r„ elements. Thus, one has surjcctivc homomorphisms 

fc'-" ^ Ext'X{U,V) i- A^a" 
of Ao-modules. They yield inequalities 

r„ < length^^ Extl{U,V) < length^^ (Ao)r„ 
that evidently imply ex (r„) — ex (length^^^ Ext^(J7, V)). □ 

3. Composition products 

Let A denote a DG algebra, and let U, V, and W be DG A-modules. In this 
section we recall the construction of products in cohomology of DG j4-modules. 

Construction 3.1. For all integers i,j there exist composition products 
Ext^(V, W) X Ext^(C/, V) Ext^^ (C/, W) . 

Indeed, choose a semifree resolution F ^ U; thus Ext^(?7, F) = II'(Hom^(F, y)). 

An element [a] G Ext^(t/, V) is then the homotopy class of a degree —i chain map 
a: F V of DG modules. Similarly, let [/3] G Ext'^(y, W) be the class of a chain 
map 13: G ^ W of degree —j, where G — )■ F is a semifree resolution. As F is 
semifree and _F — >■ [/ is a quasi-isomorphism there is a imiquc up to homotopy 
chain map a: F ^ G whose composition with G V is equal to a. One defines 
the product [l3][a] in Ext'^^'(J7, W) to be the class of l3o5: F ^W. 

It follows from their construction that composition products arc associative in the 
obvious sense. In particular, Ext^(f/, U) and Ext^(y, V) are graded DG algebras, 
and that Ext^{U, V) is a graded left-right Ext^(y, V)-Ext^{U, J7)-bimodule. 

Let A and B be DG algebras over a commutative ring k. Their tensor product 
is a DG algebra, with underlying complex A(^k B and multiplication defined by 

(a ® 6) • (a' 6') = (-l)l^ll°'l(aa' 66') > 

where \a\ denotes the degree of a. For each DG B-module X the complexes U(E)kX 
and IIomfe(Ar, U) have canonical structures of DG module over A B, given by 

(a (g) 6) • (u «) x) = (-l)l''ll"l(aw®6a;); 

((a®6)(7))(x) = (-l)l*'llTla7(6a;). 

Construction 3.2. Let A: be a field, and let A and B be DG algebras with 

Ai = = Bi for i <0 and Ao = k = Bq. 

Let F ^ k and G — )• fc be semifree resolutions over A and B, respectively, and 

co: Hom^(F,fc) (8)fc Horns (G, fc) RomA^kB{F <Sik G,k) 

be the morphism given by (a;(a(g/3))(a(g6) = (-l)l'5|l"la(a)/3(6). Composing H(a;) 
with the Kiinneth isomorphism [a] (E)k [P] M- [a ® /3] one obtains a homomorphism 

H(HomA(F, fc)) ®fe H(HomB(G, k)) ^ H(HomA®,B(F ®fe G, A:)) 

The map F ®k G ^ k ®k k = k evidently is a semifree resolution over A ®k B, so 
the preceding homomorphisms defines a Kiinneth homomorphism 

k: Ext^(A;, k) (8)fe ExtB(A;, k) -)■ Ext^ig.^, ^(A;, k) . 
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It is follows from the definition that this is a homomorphism of fc-algebras. 

Lemma 3.3. //rankfeAi is finite for each i, then k is an isomorphism. 

Proof. Under the hypothesis on A, one can choose an F that has a semifrec filtration 
where each free graded A'l-module (^p^ / F^-^ 'j'^ of finite rank; for instance, take F to 
be the classical bar-construction, see [12] . In this case the map lu from Construction 
13.21 is bijective, so II(a;) is an isomorphism. □ 

4. Differential Graded Hopf algebras 

In this section fc is a field and A is a DG Hopf algebra over k; that is, A is a 
non-negative DG algebra with Aq = fc, and with a morphism A : A A(E)kA oi DG 
fc-algebras, called the comultiplication, satisfying {e^ (g) A) A = id'^ = (A (S)k £'^)A, 
where : A ^ k is the canonical surjection. 

The principal results in this section. Theorems 14.71 and 14.91 establish symmetry 
properties of complexities. The arguments in the proof exploit operations on DG 
modules provided by the Hopf algebra structure on A. 

4.1. When ^ is a DG Hopf algebra the DG (A (g)fe ^)-modules U ®k V and 
Homfe([/, V) acquire structures of DG A-modules through A. The isomorphisms 

(4.1.1) U ®kk'^U "^kf^kU 

(4.1.2) Homfe(fc,l/) 5^ y 

(4.1.3) HomA(C/®fe V,W) ^ HomA(;7, Homfe(y, VF)) 
are compatible with the respective DG ^-structures. 

Lemma 4.2. Let F ^ k he a semifree resolution and G a semifree DG module. 
The induced morphism tt : F ®fc G k ®k G ^ G is a homotopy equivalence. 

Proof. The morphism tt is a quasi-isomorphism because fc is a field. As G is semifree, 
the identity map on G lifts through tt to give a morphism k: G F ®fc G such 
that TTK is honiotopic to id*^; see l2.1l Since F is semifree it follows from (14.1.31) that 
the functor HouiAiF iS)k G,~) preserves quasi-isomorphisms. Noting that ttktt is 
homotopic to Trid^®'"'^, one thus gets that ktt is homotopic to id^®*"*^. □ 

Construction 4.3. Let A be a DG Hopf algebra over fc and set S — Ext j^{k, fc). 
Let be a DG A-module. Choose semifree resolutions F ^ k and G V over A. 
The assignment -tjj (E>k G defines a morphism 

RouiAiF, F) RouiAiF (g)k G, F (g>k G) 

of DG algebras. Since F ®k G \s homotopy equivalent to G, by Lemma 14.21 in 
homology it induces a homomorphism of graded fc-algebras 

Cv- 5^ExtA(F,F). 

The graded center of a graded algebra B consists of the elements c va B that 
satisfy he — (— l)l''ll°lc6 for all & e i?. When every c G B has this property B is said 
to be graded- commutative] every graded right -B-module X then has a canonical 
structure of left _B-module, defined by setting hx = (— l)l''ll^lx6. 

Proposition 4.4. Let A he a DG Hopf k-algehra, and let U, V he DG A-modules. 

The algehra S — ExtA(fc, fc) is then graded- commutative and Cy{S) is con- 
tained in the graded center o/ ExtA(V, 1/). Moreover, the S-module structures on 
E,xtA(U,V) induced via C,v o.nd (jj coincide. 
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Proof. We verify the second assertion; the first one fohows, as (k ~ id'^. 

We may assume U and V are semifree DG A-modules. Let ^> fc be a semifree 
resolution. By Lemma [4.21 the homology of the complex Homyi(i^ Cg)fc [/, F ®fc 
is Ext^(J7, V). It implies also that any chain map F ^^^U ^ F ®kV \s homotopy 
equivalent to one of the form F®k[i. For any chain map a: F F the compositions 

F®uU ^F®uU ^F®^V 

F®^U ^F®^V ^F®^V 

are a ® and (— l)l^ll°"ltT ® fi, respectively. Hence the S'-actions on Exty^{U,V) 
induced via C,u and Cv coincide up to the usual sign. This is the desired result. □ 

Proposition 4.5. Let A be a DG Hopf k- algebra, and U and V be DG A-modules. 

If the k-algebra S — Ext^(fc, k) is finitely generated, and the k-vector spaces H(f7) 
and}l{V) are finite, then Ext j^(U,V) is finite over S, Ext^(?7, t/), andEixtj^{V,V). 

Proof. Since S acts on Ext^(?7, V) through Ext^([/, U), finitcness over the former 
implies finiteness over the latter. The same reasoning applies with Ext^ ([/,[/) 
replaced by Ext^(V, V), so it suffices to prove finiteness over S. 
We claim that the following full subcategory of D{A) is thick: 

C = {W e D(A) |the 5-module Ext^(W^, k) is noetherian} . 

Indeed, it is clear that C is closed under retracts and shifts; furthermore, every 
exact triangle W W ^ W" — > Y.W' in D{A) induces an exact sequence 

Ext^iW", k) Extj^iW, k) Ext^(T^', k) 

of graded S'-modules, so if W' and W" are in C, then so is W . 

The condition rank^ H(f7) < oo implies U G thickyi(A;); see ll.4f 1). The finitely 
generated fc-algebra 5* is graded-commutative by Proposition l4.41 and thus noether- 
ian; this implies k G C. Now from the thickness of C we conclude U G C. 

Prom a similar argument, now considering the subcategory 

{W e D(A) |the 5-module Ext^(C/, W) is noetherian} , 
one deduces that the S'- module Ext^([/, V) is finitely generated. □ 

The preceding result allows one to draw conclusions about complexities from 
classical results in commutative algebra. This may not be immediately clear to 
casual users of the subject, as standard textbooks leave out important parts of the 
story by focusing early on on 'standard graded' algebras. In the following discussion 
we refer to Smoke's very readable and self-contained exposition in |15) . 

4.6. Let 5* be a graded-commutative fc-algebra, generated over k by finitely many 
elements of positive degrees, and C a finitely graded S'-module. Replacing gen- 
erators by their squares, one sees that C is also finite over a finitely generated 
commutative fc-algebra 5', so there exists a Laurent polynomial pc{t) G 
such that 

c 

^ rankfc(C„)i" = Pc{t)/ -f"^); 

nGZ j=l 

this is the Hilbert-Serre Theorem, see [HI 4.2] or [H 13.2]. By [HI 5.5], the order 
of the pole at < = 1 of the rational function above is equal to the Krull dimension 
of C; that is, to the supremum of the lengths of chains of homogeneous prime ideals 
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in S' containing the anniliilator of C. The order of the pole is independent of the 
choice of 5", so one gets a well defined notion of KruU dimension of C over S; let 
dims C denote this number, and set dim S = dim^ S. By decomposing the rational 
function above into prime fractions, see [31 §2] for details, one easily obtains 

dimg C = cx ( rankfe(C„)) . 

Theorem 4.7. If A is a DG Hopf k- algebra with S — Exty^(fc, k) finitely generated 
as k-algebra, and U a DG A-module with H(t/) finite over k, then one has 

inj cx^ U — cxyi (J7, U) = cxa U < cxa k = dim S . 

If, furthermore, V is a DG A-module with il{V) finite over k, then one has 

dim5(Ext^([/, V)) = cx^ ([/, V) < min{cxA (C/, U),cxa {V, V)} . 

Proof. The expression for cx^i {U, V) comes from Propositions 14. 41 14. 5[ and l4.6l By 
Proposition I4.5[ Ext^(C/, F) is a finite module over Ext^(J7, C/) and Extj^{V,V), 
whence the upper bounds on cx^i {U, V). For (fc, U) and {U, k) they yield 

inj cx^ U < cxA {U, U) > cxa U < cxa k . 

To prove cx^i {U, U) < cxa U we show that the full subcategory 

D^{W e D{A)\cxA {U, W) < CXA U} 

of D{A) contains U. One evidently has fc G D, and 11.4( 1) gives U G thick^(fc), so 
it suffices to prove that D is thick. Closure under direct summands and shifts is 
clear. An exact triangle W —^W—>- W" Y.W' in D{A) yields an exact sequence 

^xt'XiU, W) ^x^XiU, W) Ext;^(J7, W") 

for every n ^"L. They imply inequalities 

rankfe ( Ext^(C/, W)) < rank^ ( ExtHU, W')) + rank^ ( ExtHU, W")) . 

Thus, if W and W" are in D, then. Lemma gives 

CXA [U, W) < max{cxA (C/, W), cxa {U, W")} < cxaU . 

A similar argument, now using Ext^(— , J7), yields inj cx^ U = cxa (t/, U). 
The equality cx^ k = dim 5* comes from the Hilbert-Serre theorem, see 14.61 □ 

To compare cx^i {U, V) and cxa {V, U) we need one more lemma. 

Lemma 4.8. Let A he a DG Hopf k-algebra. For all U,V E D{A) the assignment 
{u (El v) [a ^ (— l)''"""'ua(D)] defines a morphism 

U(EkV Homfc(V*,C/) 

in D{A); it is an isomorphism when rankfe H(V^) is finite. 

Proof. It is a routine calculation to verify that the map in question is compatible 
with the DG A-module structures. It thus defines for each X G D{A) a natural 
morphism rjx '■ U ®k X ^ Homfe(X*, U). It is easy to see that those X for which 
7]x is an isomorphism form a thick subcategory of D(yl). It contains k and hence 
contains every DG y4-module V with rank^ H(y) finite; see ll.4r i'). □ 

The next result extends the equality cxa U = inj cx^ U from Theorem 14.71 
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Theorem 4.9. If A is a DG Hopf k- algebra with Ext^(fc,fc) finitely generated as 
k-algebra, and U and V are DG A-modules with H([/) and H(V^) finite over k, then 



Proof. The desired assertion results from the following chain of equalities: 



The first and fourth ones come, respectively, from isomorphisms V ~ V** and 
U ®kV* ~ Homfc(y, U) given by Lemma l4?8l The second and fifth ones one follow 
from the adjunction isomorphism (|4.1.3|) . Theorem l4.7l supplies the middle link. □ 

We have not yet provided any non-trivial example of DG Hopf fc- algebra A with 
finitely generated cohomology algebra. To state a general result in this direction, 
recall that A is said to be cocommutative if its comultiplication satisfies the equality 
A = rA, where r : A 0^ A ^ A 0^ A is defined by T(a (g) &) = (g) a. 

The following result is Wilkerson's main theorem in [17 : 

4.10. If A is a cocommutative DG Hopf fc-algebra with zero differential and with 
rankfc A finite, then the graded fc-algebra S — Ext^(fc, k) is finitely generated. 

In positive characteristic the proof of the theorem depends on the action of 
the Steenrod algebra on S*; the existence of such an action is another non-trivial 
result, see jllj . The situation is completely different in characteristic zero, where a 
celebrated theorem of Hopf shows that every non-negative cocommutative graded 
Hopf algebra is isomorphic, as an algebra, to the exterior algebra on a vector space 
of finite rank; in this case the cohomology is well known, and is computed next. 



In this section fc is a field and A a DG algebra with = and with an 
exterior fc-algebra on alternating indeterminates ^i, . . . , of positive odd degrees. 

Proposition 5.1. The graded k-algebra S = Ext^(fc,fc) is a polynomial ring over 
k on commuting indeterminates Xi, ■ ■ ■ ,Xc with \xi\ — + !)• 

Proof. One has A = fc(^i) ®k B, where fc(^j} denotes the exterior algebra on the 
graded vector space fc^i and B — fc(^2)<8'fe- • •'8'fefc(^c)- By Lemma [?31 and induction, 
it suffices to treat the case A = fc(0- We use the notation from Construction 13 . 1 1 

Set d = 1^1, and let be a DG A-module, whose underlying graded A-module 
has a basis {e„}„^o with |e„| ~ {d + l)n, and with differential defined by the 
formulas d{eo) — and 9(e„) = ^e„_i for n > 1. An elementary verification shows 
that the A-linear map e: F ^ k with e(eo) — 1 and e(e„) = for n > 1 is a 
quasi-isomorphism of DG A-modules, and thus a semifree resolution of fc. It yields 



cx^ (t/, V) = CXA {V, U) . 



cx^(;7,y) -cx^(t/,T/**) 



= cxA {U®k V\k) 
= cxA (fc,[/ ®k V*) 
= c^A (fc,Homfc(l^,C/)) 
= cx^ (V, U) . 



5. Exterior algebras I. 



ExtX(fc, fc) = H"(HomA(F, fc)) = HoniA(i^, fc) 



n 





otherwise 
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where x'*'' F ^ k is the cham map of DG A-modules defined by x^^H^n) = for 
n ^ i and x'^^H^i) — 1- Setting x'^^H^n) = ^n-i for n > i and X^'^H^n) = for n < i 
one obtains a chain map x'*'* ■ F ^ F, such that ex^*'' = x'*''- The definition of 
composition products yields equahties 

[^W][^W]^[^0-)oxW] = [x(*+^-)]. 

for all z, j > 0. They show that the isomorphism of graded fc- vector spaces k[x] — 5, 
which sends x' to [x'"*''] for each z > 0, is a homomorphism of graded /c-algebras. □ 

Remark 5.2. The universal property of exterior algebras guarantees that there is a 
unique homomorphism of graded fc-algebras A : A — ?• A (E)k A with 

A(^i) = (g) 1 + 1 ® for 1 < i < c. 

It evidently satisfies A{e"^ (S^ A) — id'^ = A{A ®k e'^), and so is the comultiplication 
of a graded Hopf algebra structure on A. 

In view of the preceding proposition and remark, Theorems 14.71 and 14.91 yield: 

Theorem 5.3. For DG A-modules U, V with H(C/) and ii{V) finite over k one has 

cx^ (y, U) — cx^ ([/, V) < cxA {U, U) = inj cx^ U — cx\ U < cxa k — c. □ 

6. Complete intersection local rings I. 

In this section {R, xn, k) denotes a local ring. When R is complete intersection 
(the definition is recalled below) we open a path to an exterior algebra, and use it 
to transport results from Section [S] 

The embedding dimension of (i?, m, k) is the number edim R — rankfe(m/m^); by 
Nakayama's Lemma, it is equal to the minimal number of generators of m. 

Construction 6.1. Choose a minimal set of generators ri, . . . ,re of m, and let 
K denote the Koszul complex on ri, . . . , Tg. The functor — K preserves quasi- 
isomorphisms of complexes of i?-modules, so it defines an exact functor 

k: D(i?) ^ D{K). 

Lemma 6.2. For each homologically finite complex of R-modules M one has: 

cxfl M = cxif k(M) and inj cx^j M = inj cx^ k(M) . 

Proof. Let G — > Af be a semifree resolution over R, and note that the induced 
morphism G®rK AI(E)rK then is a semifree resolution over K. The expression 
for cxfl M now follows from the isomorphisms of /c- vector spaces 

Ext^(M (g)R K, k) = H"(HomK(G ®r K, k)) 

^H"{HomK(G,/c)) 

= Ext^(M, k) . 

For the second equality, choose a semifree resolution F ^ k over K. One has 
an isomorphism kAf ~ IIomfl(i^, Y.'^M) of DG if-modules, where e = edimi?. For 
each n S Z adjunction gives the isomorphism of fc-vector spaces below, and the last 
equality holds because F is semifree over R: 

ExtJ(A:,M(g)ijX) = H"(HomK(F,Homfi(X,5:^A/))) 

^H"(Homfl(F,Z-Af)) 

= Ext^"''(fc,M) . □ 
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KruU's Principal Ideal Theorem implies edimi? > dimi?, where dimi? denotes 
the KruU dimension of R. The codimension of R is the number codim R — edim i? — 
dim R. Rings of codimension zero are called regular. Cohen's Structure Theorem 
shows that the m-adic completion i? of i? admits a surjective homomorphism of rings 
x: {Q, q, k) — > R, with Q a regular local ring; see [13j §29]. Such a homomorphism 
is called a Cohen presentation of R. One has dim Q > edim R, and equality is 
equivalent to Ker(>£') C q^; such a presentation is said to be minimal. 

Any Cohen presentation >c can be refined to a minimal one. Indeed, choose 
elements gi, . . . , q„ in q mapping to a fc-basis of (Ker(>f) + q^)/q^. One then has 

codim Q / (q) = (edim Q — n) — (dim Q — n) = codim Q ~ , 

so the local ring Q/{q) is regular along with Q. The map >c factors through a 
homomorphism Q / {q) R, and the latter is a minimal Cohen presentation. 

Construction 6.3. Let l: R ^ R he the completion map and choose a minimal 
Cohen presentation x: {Q, q, fc) — > )?. 

Choose a minimal set of generators ri , . . . , re of m and then pick in Q elements 
qi, . . . ,qe with K{qi) — i{ri) for i — 1, . . . , e. Let K denote the Koszul complex 
on ri, . . . , Te, and E be the one on qi, . . . ,qe. The definition of Koszul complexes 
allows one to identify the DC algebras R^rK and R®q E. 

Choose a minimal set of generators {/i, . . . , /c} of the ideal Ker x, let A be the 
Koszul complex on this set, and let tt: A — > i? denote the canonical projection. 

Set K = A ®Q k, and note that this is a DG algebra with zero differential, and 
its underlying graded algebra is the exterior algebra Afc(^i 

The ring R is said to be complete intersection if in some Cohen presentation 
k : Q ^ R the ideal Ker x can be generated by a Q-regular sequence. When this is 
the case, the kernel of every Cohen presentation is generated by a regular sequence, 
and for each minimal presentation such a sequence consists of codim i? elements. 

In the next three lemmas (i?, m, k) denotes a complete intersection local ring. 

Lemma 6.4. The following maps are quasi- isomorphisms of DG algebras: 

K^R®rK > R®rK = R®Q E < A®qE > A®Qk = K. 

Proof. As R is flat over i?, one can identify H(t ®ji K) with the map 
L ®R n{K) : R (g>R ll{K) -^R(g)R R{K) , 

which is bijective because ii{K) is a direct sum of shifts of k. 

The sequence /i , . . . , /c is Q-regular because R is complete intersection, hence tt 
is a quasi-isomorphism, and then so is tt (E}q E. 

Since the ring Q is regular and the elements qi, . . . ,qe minimally generate q, they 
form a Q-regular sequence, so is a quasi-isomorphism, and then so is A®)Qe^ . □ 

In view of 12. 4[ the quasi-isomorphisms in Lemma 16.41 define an equivalence of 
categories]: D{K) D(A). Lemmas 16.21 and 12.51 then give: 

Lemma 6.5. For every homologically finite complex of R-modules M one has 

CXR M — CXA jk(Af) and inj cx^ M — inj cxjyik{M) . □ 

Lemma 6.6. In D(A) there is an isomorphism ik{k) ~ ^j^gZ^fc^*). 
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Proof. Choose bases xi,. . . ,Xc of Ai over Q with d{xi) — fi for 1 < « < c and 
2/1, . . . ,?/e of El over Q with d{yj) = for 1 < j < e; Thus /i = '^itti 
fey S Q. There is a unique homoniorphisni a: A ^ E of DG algebras over Q with 

e 

a;(a;i) = ^iji/j for 1 < i < c . 
It appears in a commutative diagram of DG algebras 

K = R®rK — > R®p.K = R®qE < A®qE > A®Qk = K 

k(fc) = k®RK = k^RK = k(g>Q E <— E®qE ""'^^ > E^qk 

where ®q E and E ®q are quasi-isomorphisms because is one. 

The map ®r K defines the action of K on k(fc), and a (S>q k that of A on 
E (8)Q k. The commutativity of the diagram implies and jk(fc) ~ E ®q k in D(A), 
see 12.41 The minimality of the Cohen presentation >c means that each 6.^ is in q, 

so one has k(fc) = ®i>o '^^k^'^ a-s DG /-iT-modules, and hence in D(A) one gets 
jk(fc) ^ j ( rk(^)) r-iikp ^ , 

where the last isomorphism holds because one has j(k) ~ k by Lemma 12.51 □ 

We come to the main result of this section. All its assertions are known: the 
first equality is proved in [51 5.3], the inequality follows from [8, 4.2], and the 
second equality from [W[ Thm. 6]. The point here is that they are deduced, in 
a uniform way, from the corresponding relations for DG modules over exterior 
algebras, established in Theorem 15.31 which ultimately are much simpler to prove. 

Theorem 6.7. //(i?,m, fc) is complete intersection, then for every complex of R- 
modules M with H(Af ) finitely generated the following inequalities hold: 

inj cx^ M — cxr M < cxr k = codim R . 

Proof. The isomorphism of Lemma 16.61 implies cxa k — cxa jk(A;). Now Lemma 16.51 
translates part of Theorem 15.31 into the desired statement. □ 

The equalities in the theorem may fail when R is not complete intersection: 

Remark 6.8. Gulliksen |9] 2.3] proved that the condition cx^ fc < oo characterizes 
local complete intersection rings among all local rings. 

Jorgensen and §ega [TUJ 1.2] construct Gorenstein local fc-algebras R with rank^ R 
finite and modules M with {cx^ M, inj cx^ M} — {1, oo}, in one order or the other. 

Remark 6.9. The unused portion of Theorem 15.31 suggests that the relations 

cxfl {N, M) = CXR (Af, N) < CXR (M, M) = cxr M 

might hold also over complete intersections. They do, see [H 5.7], but we know of 
no simple way to deduce them from Theorem 15. 31 



a®QE 



a^qk 



14 



L. L. AVRAMOV AND S. B. IYENGAR 



7. Projective levels 

In this section yl is a DG algebra. We collect some results on A-levels of DG 
modules, which are reminiscent of theorems on projective dimension for modules. 

7.1. For any DG A- module U the following hold. 

(1) One has level;^(C/) < Z + 1 if and only if U is isomorphic in D(A) to a direct 
summand of some semifree DG module F with a semifree filtration having 
F'' = F and every JF^-'^ of finite rank over A^; see 12.11 

(2) When A is non-negative, Ho(A) is a field, and Hi(i7) — for all i <C 0, one has 
level^(J7) < CXI if and only if Tor'*(fc, U) is finite over k. 

(3) When A has zero differential and is noetherian, and the graded A-module H(C/) 
is finitely generated, the following inequalities hold: 

level^(J7) < proj dim^ H(C/) + 1 < gldim^ + 1 . 

Indeed, (1) is proved in [5,, 4.2], (2) in 5, 4.8], and (3) in 5.5]. 

The preceding results pertain to homological algebra, in the sense that they do 
not depend on the structure of the ring ^ = ®nGZ^"- algebras over fields 
the next result contains as a special case the New Intersection Theorem, see [H], a 
central result in commutative algebra, and effectively belongs to the latter subject. 

7.2. Let A be a DG algebra with zero differential and U a DG A-module. 

If the ring is commutative, noetherian, and is an algebra over a field, then 

level^(C/) > height /+ 1 , 
where / is the annihilator of the ^^-module ®„£zII„(C/); see [S] 5.1]. 

8. Exterior algebras II. 

In this section A: is a field, and A a DG algebra with 9^ = and A'' an exterior 
/c-algebra on alternating indeterminates of positive odd degrees di, . . . , cZc. 

We recall a version of the Bernstein-Gelfand-Gelfand equivalence from [S] 7.4]: 

8.1. Let S" be a DG algebra with — Q and S''^ a polynomial ring over k on 
commuting indeterminates of degrees — (rfi + 1), —(dc + f); set d = rfi + •■• + c?c- 
There exist exact functors D(A) A- D(S') D(A) inducing inverse equivalences 

h 

thickA(fc) r^^ thick.9(5) 

(8.1.1) Ul * Ul 

h 

thickA(A) ^ = ' thick.sffc) 
t 

such that in D(S') and D(A), respectively, there are isomorphisms 

h(A) :i! Y.'^k t(fc) ~ T-'^K 

(8.1.2) ; and ) 

^ ' h{k)c^S t(5)~fc. 

Let D^(A) be the full subcategory of D(A) whose objects are the DG modules U 
with H([/) finite over A, and D*'(S') the corresponding subcategory of D(S'). The 
next proposition refines the equivalences in (|8.1.ip : see Remark [ 
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Proposition 8.2. For each U G Df(A) and each M G 0^(5) one has 

cxA U = dims H(ht/) anrf dims M = cxa H(tM) , 
and for each n G N the Junctors h and t induce inverse equivalences 

Df(A) ^ Df (5) 

(8.2.1) Ul * Ul 

h 

{U e Qf (A) I CXA [/ < n] , = ' {Af e 0^(5') | dims H(M) < n) . 

t 

Proof. One has D''(A) = thickA(A:) by ll.4f 1). As the polynomial ring S has finite 
global dimension. 17.1( 3') gives D*'(S') = thicks(S'). Thus, the top row of (|8.1.1|) gives 
inverse equivalences between D*'(A) and D'(S'). It is easy to verify that the subcat- 
egories in the lower row are thick, so it suffices to compute cxa U and dims H(M). 
The equivalence h gives the first isomorphism in the chain 

RHomA(fc, U) ~ RHoms(h(fc), h(C/)) c± RHoms(5', h(C/)) ~ h{U) ; 

the second one comes from (|8.1.2I) . the third is clear. In homology, one obtains 

ExtX(fc,[/) G5?H"(h(C/)) 

for every n G Z, whence the second equality in the following sequence; the first one 
comes from Theorem 15.31 the third from the Hilbert-Serre Theorem, see 14.61 

CXA U = inj cxa U = cx (rankfc II„(h(t/)))„GZ = dims II(h(t/)) . 

Finally, from the already proved assertions one obtains 

dims H(M) = dims H(ht(M)) = cxa t(A//) . □ 

Remark 8.3. For U e D*'(A) the definition of complexity shows that cxaU < 
is equivalent to the finiteness of the A;- vector space Extj^{U,k). It is the graded 
fc-dual of Toi^{U,k), so bv l7.1f 2) its finiteness is equivalent to [/ G thickA(A). On 
the other hand, M G D^{S) has dims H(M) < if and only if M is in thicks(fc); 
see [Till). Thus, for n = diagram (|8.2.ip reduces to (|8.1.ip . 

Theorem 8.4. // U is a DG K-module with < rank^. H(J7) < oo, then one has 
card{n G Z | H„(C/) ^ 0} > \eNe\'l{U) > c - cxa C/ + 1 . 

Proof. The inequality on the left comes from I1.4f 3). The one on the right results 
from the following chain of (in)equalities 

level^(C/) = levels' ''■'(h(C/)) 
= level|(h(C/)) 
> height(AnnsH(h(C/))) + 1 
dim 5 - dims H(h(C/)) + 1 
— dim S — cxa U + 1 
= c — CXA V + 1 . 

The first one holds because h is an equivalence, see 11.2( 2). the second comes from 
(|8.1.2p . and the third from l7.2l the remaining equalities hold by [T3| Exercise 5.10, 
by Lemma [121 and because dimS* = c holds. □ 

^solved on page 288 
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The inequalities in Theorem 18.41 are tight. 
Example 8.5. For each integer i with < i < c and A'*) = ^/(Ci; ■ • ■ i d) has 
card{n G Z | H„(A(')) ^ 0} = c - i + 1 and cx^ A^'^ = i . 
Indeed, the first one is clear. For F*^*) = A/ ■ ■ ■ , £,n) one has 
Ext:^(A('), A:) - Exti;<.,«^A„ (A^^), fc) = ExtJ^,.> (fc, k) , 
because A is isomorphic to F^*) ®fc A*^') as fc-algebras. Theorem lS. 31 gives cxp(i) k = i. 

9. Complete intersection local rings IF 

We finish the paper with a new proof of [3 11.3]. The original argument uses a 
reduction, constructed in [2] , to a complete intersection ring of smaller codimension 
and a bounded complex of free modules over it, then refers to the main theorem of 
[5], which applies to such complexes over arbitrary local rings. Here we describe a 
direct reduction to results on exterior algebras, established in Section [S] 

Theorem 9.1. // (i?, m, fc) is a complete intersection local ring and M a complex 
of R-modules with H(M) finite and nonzero, then one has inequalities 

Hr H„ {M) > level^(M) > codim i? - cx_r Af + 1 . 

Proof. The inequality on the left is a special case of 11.4( 2). 

Set c — codim i?. Fet K be the Koszul complex on a minimal set of generators 
for m and A the DG algebra with zero differential, and with underlying graded 
algebra an exterior algebra over A; on c generators of degree one. Construction [6T] 
and Femma 16.41 provide exact functors of triangulated categories 

D(i?) D{K) D(A) 

the second of which is an equivalence. One then has the following relations 
level^(M) > level^^''^(jk(M)) 
= leveli(jk(M)) 
>c-cxA(jk(M)) + l 
= codim R — cxji M + 1 

where the inequalities are given bv ll.2f 2) and by Theorem 18.41 while the equalities 
come from ll.2T l) and Femmas 16.61 and from Femma 16.51 □ 

As in Theorem 18.41 the inequalities in Theorem 19. II are tight. 

Example 9.2. Fet fc be a field and set R = k[xi, . . . , Xc\/{x\, . . . , x^). For every 
integer i with < i < c, set i?*^*) — R/{xi, . . . , Xi). One then has equalities 

KpRi = c — z + 1 , codim R = c, and cxr i?^'-* — i . 

Indeed, the first two are clear. For Q^*' = R/ (x^+i, . . . , a;„) one has 

Ext^(i?«,fc) -Ext^,.,^^^<.,(i?«,fc) ^Ext^,.,(fc,fc), 

because R is isomorphic to Q^')®^^'*^ as fc-algebras. Theorem l6 . 71 gives cxQ(i) k = i. 
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The number on the right hand side of the formula in Theorem 19.11 is finite 
whenever the module M has finite complexity. However, this condition alone does 
not imply the inequalities in the theorem, even when the ring R is Gorenstein. 

Example 9.3. Let fc be a field and c an integer with c > 3. The ring 

j-^ k\xi , . . . , Xc\ 

is Gorenstein, but not complete intersection, and its module M = R has 

(£rM = level^(Af ) = 3<c-0+l = codimi? - cx^ Af + 1 . 

It is worth noting that a very special case of Theorem 19.11 was initially discovered 
when studying actions of finite elementary abelian groups on finite CW complexes: 

Remark 9.4. Let fc be a field of positive characteristic p and G an elementary abelian 
p- group of rank c. The group algebra kG is isomorphic to fc[a;i, . . . , Xc]/ {x\^ . . . , x^), 
which is a complete intersection of codimension c. Over kG Theorem l9.1l was proved 
by Carlsson [7] for Af'' of finite rank over and p equal to 2, and for general M 
and p by AUday, Baumgartner, and Puppe; see [U 4.6.42]. 
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